Abstract. Recently, Xu and Cheney (1992) have proved that if all the Legendre coefficients of a zonal function defined on a sphere are positive then the function is strictly positive definite. It will be shown in this paper that, even if finitely many of the Legendre coefficients are zero, the strict positive definiteness can be assured. The results are based on approximation properties of singular integrals, and provide also a completely different proof of the results of Xu and Cheney.
Introduction
Let S m ⊂ R m+1 be the m-dimensional unit sphere for m ≥ 1. A continuous function K : [−1, 1] → R defines for a fixed η ∈ S m a so-called η-zonal function ξ → K(η · ξ), ξ ∈ S m , on the sphere, where · denotes the usual inner product in R m+1 . Thus, the function K(η· ) depends only on the spherical distance arccos(ξ · η) between ξ and η. Such a continuous function is called positive definite, if for any choice of pairwise distinct points η 1 , . . . , η N ∈ S m , and any non-zero vector (a 1 , . . . , a N )
Schoenberg [8] has shown that if the function K admits the uniformly convergent series expansion
k n P n (t), t ∈ [−1, 1], (1.2) in terms of certain Legendre (or Gegenbauer or ultraspherical) polynomials, a sufficient condition for (1.1) is that k n ≥ 0, n = 0, 1, . . . . However, when dealing with problems of interpolation, a stronger condition on the kernel K is useful: K is called strictly positive definite, if the quadratic form (1.1) is strictly positive for any set {η 1 , . . . , η N } ⊂ S m of pairwise distinct points and any choice of a non-zero vector (a 1 , . . . , a n ) T ∈ R N . A sufficient condition for strict positive definiteness is, as shown by Xu and Cheney [11] , that all the k n in the expansion (1.2) are positive. By a completely different idea we will show in 532 MICHAEL SCHREINER this paper that, even if finitely many k n are zero, the kernel K is strictly positive definite.
The value of this result can be explained as follows: assume that a function F : S m → R is known only at finitely many distinct points η 1 , . . . , η N ∈ S m and one looks for an interpolant of the form
If K is strictly positive definite then the matrix is positive definite, i.e. the interpolation problem is solvable for any choice of pairwise distinct nodal points. In practice, however, there is often more information on the function F available, e.g. the low order moments of F in terms of its spherical harmonic expansion. In this case, it is desirable to use kernels K in (1.3) which are orthogonal to these low order spherical harmonics and to perform the interpolation only for the difference between the function values F (η i ) and the values of the known projection of F to the span of the spherical harmonics under consideration. But orthogonality of the kernel K to spherical harmonics means that the corresponding coefficients k n are zero. Thus, the condition given in [11] cannot be satisfied. In this case our stronger result is necessary. An example for such a situation is the approximation of the gravitational potential of the earth. From physical properties and measurements of satellite orbits the contribution of the lower order spherical harmonics are known with a sufficient accuracy, so that e.g. for space borne gradiometry data this approach is very useful, cf. e.g. [4] , [7] , [9] .
The outline of this paper is organized as follows: after some preliminaries, we develop an easy-to-handle equivalent condition for strict positive definiteness. After that, we construct a special strictly positive definite function with vanishing moments, and use afterwards this kernel, which turns out to be a spherical approximate identity, for the proof of our main result.
Preliminaries
Asume m ≥ 1 to be a fixed integer for the further investigations. Let · and | · | denote the usual inner product and the Euclidean norm in R m+1 , respectively, and let S m = {ξ ∈ R m+1 ||ξ| = 1} be the m-dimensional unit sphere in R m+1 . We write dω m for the induced surface element of S m . Then it is well-known that the volume of S m is given by
We denote the space of continuous respectively square-integrable functions defined on
In the following, we repeat some basic facts on spherical harmonics and Legendre polynomials. Details can be found e.g. in [6] . Let Harm n be the space of all spherical harmonics Y n : S m → R of order n, i.e. Y n ∈ Harm n if and only if x → |x| n Y n (x/|x|) is a homogeneous harmonic polynomial of degree n. The dimension of Harm n is
Harm n . The addition theorem for spherical harmonics reads as follows:
where P n are the (generalized) Legendre polynomials of degree n. They are defined by the requirements 1. P n is a polynomial of degree n,
is the reproducing kernel of Harm n , cf. [1] . Applying the CauchySchwarz inequality to (2.1), it can be easily deduced that |P n (t)| ≤ P n (1) = 1 for all t ∈ [−1, 1]. Furthermore, the Fourier series of a square-integrable function F ∈ L 2 (S m ) can be written as
This formula of Funk and Hecke allows to obtain the Fourier coefficients of an η-zonal function by a simple one-dimensional integration. Together with the addition theorem we conclude that the Fourier expansion of G( ·η) is given by
Note that the Legendre polynomials are also expressible (for m ≥ 2) by the generating function
This shows that the Legendre polynomials are up to a constant the Gegenbauer or ultraspherical polynomials C λ n with λ = (m − 1)/2, cf. e.g. [10] . For r ∈ (0, 1) the uniform convergent series
has the explicit representation
which is known as Poisson-kernel. The basic property of Q r for our purposes is described in
This theorem shows that Q r is an approximate identity in the space C(S m ), cf. e.g. [2] . We will need a slight generalization of this result. We define for p ∈ N 0 Q 0,... ,p⊥ r
Then it holds obviously (Q r (η· ), Y n ) = 0 for all Y n ∈ Harm n , n = 0, . . . , p. Furthermore, we easily obtain
Strictly positive definite kernels
Let K : [−1, 1] → R be continuous and assume that K admits the uniformly convergent series expansion
with constants k n ∈ R. Note that |P n (t)| ≤ P n (1), t ∈ [−1, 1], implies that the series (3.1) is absolute and uniformly convergent, if the series ∞ n=0 |k n | is convergent. Schoenberg [8] has shown that such a function K is positive definite if k n ≥ 0 for all n ∈ N. The strict positive definiteness can be characterized by Proof. Since k n ≥ 0 and 1.
is the reproducing kernel of a Hilbert space (H, (·, ·) H ) with orthonormal basis
Since the proof of this lemma is rather technical we shift it to the end of this paper.
Fundamental is in terms of the Legendre polynomials is uniformly convergent, it follows for all ξ ∈ S m , n ≥ p + 1,
The same calculation performed in the backward direction implies then 
On the other hand side it follows from (4.1) that for all r ∈ (0, 1) Remark 4.3. It follows by similar (and even easier) arguments that Q r is strictly positive definite. We omit the details.
The main result
The considerations of the last chapters allow us to prove the main result:
continuous kernel with uniformly convergent series expansion
Assume that k n ≥ 0, n ∈ N, and only finitely many k n are zero. Then K is strictly positive definite.
Proof. Let p denote the index of the largest integer n for that k n = 0. Then k n > 0 for all n > p. Assume that η 1 , . . . , η N ∈ S m are pairwise distinct. We shall show that
for all n for which k n > 0. In particular, (5.2) is true for all n > p. But then it follows that for every r ∈ (0, 1) The question whether a weaker condition than the one of Theorem 4.2 is sufficient for strict positive definiteness is still open. We show by an easy example that the condition that finitely many k n are greater than zero is not sufficient for strict positive definiteness: let m = 2 and assume that the k n of the uniformly convergent series expansion of a kernel K are zero for odd n and greater than zero for even n. The kernel K is then an even function. If we choose η 1 to be the North Pole and η 2 to be the South Pole,
and K(η 2 · ) are linearly dependent, and so K is not strictly positive definite. 
, satisfies all requirements of Lemma 4.1 with ε = (2β) 1/2 . We will show now how a function L satisfying 1. -3. can be constructed for a given β > 0 and p ∈ N 0 . Assume first that m is even. Choose real numbers h i with
and for any given h ∈ (−1, 1)
where t + means, as usual, 
(A similar result holds for A 0 .) We are looking for a function L of the form 
In order to study these equations, we see first that since A 0 ≥ 0 and A 0 (1) = 1 it follows that A 
with non-vanishing right hand side. To get more information on the matrix entries, we see that
is a polynomial in the variable h of degree m + n + 2. In order to ensure the solvability of the above system, we enlarge it to  
. , B
∧ h (p)} being polynomials of degrees 0, . . . , m + p + 2. Since we know from e.g. Davis [3] that this system is unisolvent, there exists a unique solution of (5.4) which also solves then (5.3), and hence fulfills the third requirement.
If m is odd, we can apply the same arguments, but to achieve that the B will ensure that the above arguments can be applied.
